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ABSTRACT

The effect of initial geometric imperfections on the buckihng ui • .A•eu.-

behavior of composite cylindrical shells are subjected to uniform axial comnpiesion
is studied In this report. The solution is obtained by employing von Ka'rm'n-Donnell
nonlinear strain-displacement relations and the principle of stationary potential

energy. Numerical results are given for various fiber orientations in the tOree-

layer shell consisting of elther glass-epwey or boron-epoxy composites, with

different initial Inperfections. Results indicate that the boron-epoxy composite

shells are less imperfection sensitive than the glass-epoxy composite shells.

Isotropic shells are found to be more imperfection sensitive than composite

shells. It is noticed that the increase or decrease in the classical buckling load

with change in fiber orientation is generally accompanied by a decrease or in-

crease in imperfection sensitivity of the shell.

•.1

Sii



AFFDL-TR-48--l6

TABLE OF CONTENTS

SECTION PAGE $!
I DiTRODUC'170N I

1. SftZn-ýIfaemet Relations 3

2. Shwaresubt 4

S. Pata Energy 5

4. Equalibrium and Compatible Eqwzfom, 5

5. Rad1 Deiflectico Function, Inital Imperfection
and Compatible Strese 7

s. unit EndShrenn and Ubifor Radial Dia-
Sp•Acment11

7. TOtal Potatlal Energy 11

8. Ncm r Algebraic Equatios 15

9. Numerical Analysis 17

RE3rLTS AND CONCLUSIONS 18

REFERENCES 21

v1.
**1

4i



AFFDL-TR-68-136

ILLUSTAA-'IONS

FIGURE PAGE

1. Geometry 24

2. Notation 25

3. Initial Imperfection Solution of Isotropic Cylinder 26

4. Initial Imperfection Solution of Glass-Epov
Composite Cylinder for Fiber Orientaion
(0°0 00, 00) 27

5, Initial Imperfection Solution tX Boron-Epoxy0
Composite Cylinder for FIber Orientatico (00, 00, 0°) 28

6. Influence of Initial Imperfection on Buckling Load
of Three-layer, Glass-Epoxy Composite Cylinder for
FflE Orientation (0,-80 00) 29

7. Imperfeceton Sensitivity of Three-layer, Glass-Epoxy
Composite CyiAnder for Fiber Orientation (00, -0, 00) 30

8. influence of Initial Imperfection on Buckling Load of
Three-layer, Boron-Epoxy Composite Cylinder for
Fiber Oriemtsion (ot- -, 00) 31

9. Imperfection Sensitivity of Three-layer, Boron-Epoxy
Composite Cylinder for Fiber Orientation ( 6,' -8', 00) 32

10. Influence of Initial Imperfection on Buckling ad of
Three-layer, Glass-Epoxy Composite Cylinder for
Fiber Orientation ( 0 jo - 0 90 °) 33

11. Imperfection Sensitivity of Three-layer, Glass-Epoxy
Composite Cylinder for Fiber Orientation ( 0e -0, 900) 34

12, Influeace of Initial Imperfection on Buckling Load of
Three-layer, Boron-Epox Composite Cylinder for
Fiber Orientation (80, -8* 900) 35

13. Imperfection Sensitivity of Three-layer, Boron-Epoxy
Composite Cylinder for Fiber Orientation (O0 -O' 900) 36

vi



i

AFFDL-TR-68-136

TABLES

TABLE PAGE

1. Classical Buckling Loads for Glass-Epoxy
Composite Cylindrical Shell 37

2. Classical Buckling Loads for Boron-Epoxy
Composite Cylindrical Shell 38

3. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W * = 0.01 39

4. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W * =0.02 40

5. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W = 0.04 41

6. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for = 0.06 42

7. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W = 0. 08 43

8. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W * = 0. 10 44

9. Buckling Loads for imperfect Glass-Epoxy
Composite Cylindrical Shell for W * = 0.20 45

10. Buckling Loads for Imperfect Glass-Epoxy
Composite Cylindrical Shell for W * = 0.30 46

11. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W * = 0. 01 47

12. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W 0.02 48

13. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell -or = 0.04 49

14. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W = 0.06 50

15. BucklIng Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W * = 0.08 51

16. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W .= 0.10 52

vii



AFFDL-TR-68-136

TABLES (CONTD)

TABLE PAGE

17. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W * 0.20 53

18. Buckling Loads for Imperfect Boron-Epoxy
Composite Cylindrical Shell for W * = 0.30 54

viii



AFFDL-TR-68-136

SYMBOLS

Aij- [A] in-plane stiffness matrix

A ,A,.. A 1,A421 parameters defined in text

a ij = 101 in-plane compliance matrix

B ,B2 1, parameters definsd in text
c(k) r (k)1
i= C (k)anisotropic stiffness matrixassociated with k th lamina

Ci ,C,. C1. I ,I C,•. parameters defined in text

D ij [= [D] stiffness coupling matrix

d j= [d ] compliance coupling matrix

D* [D= ] bending stiffness matrix

d = [d*] modified bending stiffness matrix

Ell E12, E2 2  elastic constants

N number of circumferential waves

Nx NY, Nxy stress resultants for the entire
laminated shell thickness

PI ' P2' P3' P4 modified radial deflection parameters
W.

P, =1 =1 through 4
22 2

I P' P2 P3 ' P4 modified amplitudes of initial
imperfection W

R radius of the reference surface of
the circular cylindrical shell

T, , S , • ... parameters defined in text

U, VW reference surface displacements in
axial, circumferential and radially
inward direction, respectively

W imperfection parameter

W initial imperfection of reference
surface in radial direction

ix



AFFDL-TR-60-136

SYMBOLS (CONTD)

F(x,y) stressfunction

FI, F, F , stress function parameters defined in text
2 3 '

GI, G2, C3,. - • parameters defined In text

._S , 2 • 3 • parameters defined in text

hk the z - coordinate of common boundary of k th
and (k-I)Ih layers as per Figure 1(b)

kX? kx , k xy changes in curvatures

L length of circular cylindrical shell

-XI •y axial and circumferential half-wave-lengths respectively

MxMYIMXY moment resultants

' n number of am-inas It efhle '-5 ess

Wo, W, ,W2 ,W3 ,W4  radial deflection parameters

"WI, 'Wq'W 3 'W4  amplitudes of initial imperfection W

x , y, Z axial circumferential, radial coordinate

ay,) v, C, KX,4,p,4• stiffness parameters as defined below

2a, + 08.
""0/11, 022

026
S 114 a 14

11 22

016
A •34 114

O1 22

2 d 2 - die

V4//Vf22 d22

28 022

22 22

x



I

AFFDL-TR-68-136

SYMBOLS (CONTD)

da
K : d12

K: '22 %/ d2*

d 21022 22

d + d 2 2 -2d 6 6

'/ o22d2*2

dl* + 2d 6

2 66

a .ii -2

11*a= d *

022 d 2 2

8 fiber orientation (see Figure 1(c))

end-shortening parameter

end-shortening per unit length (in. /in.)

17 average axial compressive uni.t load parameter

average axial compressive unit load (lb/in.)

maximum load an imperfect shell can support before

0,ma x snap-through (lb/in.)

•Cr classical buckling unit load (lb/in.)C,9
Cc classical buckling unit load parameter

Fc4R RI
Ck 2 d2

I Ai
I,



AFFDL-TR-68-136

SYMVIBOIAS (CONTD)

ly
wavelength ratio

j wavelength ratio parameter

/ _ / -4

W circumferential wave number parameter

R 2

ii oxii

,I -•.

I xtl



AFFDL-TR-68-136

SECTION I

INTRODUCTION

This report is concerned with the influence of Initial geometric imperfections

on the buckling and postbuckling behavior of laminated anisotropic cylindrical

shells. It has been established that geometric imperfections reduce the buckling

strength of isotropic cylindrical shells and the extent of the reduction has been

studied by many authors (References 1 through 8). A similar reduction in buckling

strength due to initial geometric imperfections is expected in the case of the

anisotropic cylindrical shells. The increasing use of fiber composite cylinders
in aerapaco3sritres 0 mpted this study.

von Kirmln-Donnell large-displacement relations, modified to include geo-

metric imperfections, are used in the analysis. The solution to the problem is

obtained by the application of the principle of stationary potential energy.

The importance of Initial geometric deviations on the buckling behavior of

an isotropic shell has been recognized for some time. This can be seen from

the early Inveetigations of Fljgge (Reference 1) in 1932 and Donnell (Reference 2)

In 1934.

However, Flile's linear and Donnell's nonlinear analyses failed to explain

ihe magnitude of difference between the experimental and the theoretical results.

In 1950, Donnell and Wan (Reference 3) changed the procedure adopted by Donnell

sLxteen years carlier and proposed a new method. This method was followed by

several investigators (References 4 through 7) with some modifications.

In the procedure developed by Donnell and Wan, and followed by others, the

total potential energy of the system is minimized with respect to the parameters

defining the shape of Initial deviation of shell geometry. This implies that the

shape of the cylinder Is altered during minimization of the total potential energy.

Madsen and Hoff in Reference 8 were the first to point out the error In this approach.

In this Investigation, minimization is carried out only with respect to terms of

the additional displacement in radial direction caused by the applied load.

1J
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i' The general theory of anisotropic shells was developed by Ambartsumyan

:, (Reference 9) and Dong et al. (Reference 10). Tasi et al. (Reference 11) and

Holston, et al. (Reference 12) investigated the buckling strength of filament wound

cylinders where they used the small-deflection analysis presented by Chaug and

Ho (References 13 and 14). The effect of heterogeneity on the stability of coir-

posite shells subjected to axial compression is investigated by Tasi (Reference 15).

Thurstun (Reference 16) outlined a large-displacement analysis of filament wound

cylinders under axial compression, where he proposes to solve the two non-

linear partial differential equations by Newton's method. The effect of fiber

orientation on buc' ,ding and postbuckling behavior of geometrically perfect fiber-

reinforced cylinders unmder axial compression Is investigated by Khot (Reference 17).

The numerical results presented in this report are for the geometrically

Imperfect three-layer glass-epoxy and boron-epoxy composite cylindrical shells.

2i
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SECTION H1

PROBLEM FORMULATION

The coordinate system employed on the reference surface is shown in Figure 1;
x Is taken parallel to the generator, y is measured along the circumference, and
z is positive in the inward direction.

1. STRAIN.-DISPLACEMENT RELATIONS

The reference surface nonlinear strain-displacement relations based on the
work of Donnell (Reference 2) for a cylindrical shell of radius R with initial radial
imperfections W are given by

I )2 I -- , )

: 2 'x 2 (-

ey Vy + I-(Wy) ( 2  
- w(I)

Y vy 2 ly2 iY

ex Y V x + U ty + W'x Wy Y- W xW y

where U , V , and W are the compontits of the reference surface displacement
vector, and W it the initial devation of the shell in inward direction from a
circular cylindrical shape. W is the total displacement in the radial direction
including w . Then (W - W) is the displacement produced by the applied load
only. The total strains are then given by

F x = ex - zkx

y= E - zk (2)

Exy = xy zkxy

where

kx = W, xx - 'xx

ky W ,y-W,,yy (3)

kxy: 2(W, xy -W ,x'))

3
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2. STRIES RESULTANTS

The relstions between resultant stresses and strains for the entire laminated

wall ar written as (References 10 and 18)

[MI= [A][el -[o([k] (4)

([]: DJ a] (5)

where the 6emumezsf (3 x3) matrices4[ A (D] an *amgvnb

1 (k)

A = £ c (h -hk)I k4I k
D=n (k) 2 )

i = - ii (h +1- h k

: Cij I h ii +1- hk)Sk=1

In the above dEflOfm n is the number of lamlnz, k denotes the kth layer

byz - coordinates adk +(FIgure1(b)),mi C W istheaniso-

trac s s m ssociated with the kth lamina. lhversic of Eqrtion 4

i and aubstitution Ino Eq•aton 5 yield

[,E!: +ol]. -,-[, ] ,6]

[I-: [d]([N - [d'li[i]

Where

[o]: [a [d] [(It[ I

I[d ]= [aol[o I [d JT
[d°'1=[e]- [" l[° l["
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3. POTENTIAL ENERGY

The tDW strain ener&y of a multilayered cylindrical shell of radiuR R and leneh

L can be expressed as the aum of the following two expressions (Reference 17)

L R 2 2 2

l (a N 20 + N N + a 1 2 MN NY
0 0

Q 2omNINRY + 2 a2 eNyN N dx dy

L 22rR
2 f f (, lit + d;.*ky + d * It Zd2 k. ky

21 x YI Gofxy 121
0 0

+ 2d'D k k + 2dk ft h) dx dy

The energy associated with the work done by Lhe wulfrrmly applied axial coad-

pressive ehd lo•di is given by

2vR L
1 3 .f [N.] dyjf UAdx i9)

0 x-L L

The total potentl energy is then given by

11 -I = 3l+ 2 + E (10)

4. EQUILL.RIUM AND COMPATIBILITY EQUATIONS

The equilibrium equatons resulting from the first variatIon of the tol

potential energy with respect to the displacements U , V ard W are given by

N + N =0

xy,x y,ty

Ny Y
- +N (w -N )( TV 2 -W ) + Nw(W

R x .xx "xx X 7 Ii- w.Xy Y yY Y,)

+ M•%lx + 2Mxy Xy + M = 0 (12)

5
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The three unknowns Li Equation 11 can be replaced by a single unknown F (x,y),

the Airy stress function9 which is defined as

N - F y
N FX

N -F13xlyy

Utilizing Equations 6 and 13 in Equation 12 the equilibrium equation in radial

direction can be written as

d12 Fxxxx (2d 6 2 -die) F +(d + d -2d )F
,XKKXZ 1y 22 as tXXYy

(2d6 1 -d 2 6 )F xy~y+ dFy - F( + -) +

61 6 t VY 1 YYY IX( Iy+R IY WX
-2, w, yX -d (W -,X ) -xxx - 4d* ( Ww ,xxy)

_ (2d.+ 4d H)(W - 4d (W V

S W -W (14)
22 ,YYYY ,yyyy

Eliminating U and V from Equation 1 the compatibility condition can be

written as

+E e(W ) W W WXyY y,xx xy,Xy ,xy ,xTX ,yy R ,.x
-- ) 2 + -WW aS- (W 19Y + • xW IZ yy + "R" "(15)

The above equation can be expressed in terms of stress function by utilizing

Equations 6 and 13 as follows

0a2 Fxzxx - 2o2 F x + (2a 2 + a ) F - 2oa F
29 XXX S IIXXY 2 6 '"Y Is, KYYY

+ a F -d i 2(W - )-(2d 6 - d -

- (du + d 2 2 - 2 d11)( W xxyy W - (2d -kae ) W
,Y YY -6 ,xyY

2 2
W -d W W + W -(WIXYYY 1IvY ,yy y ,x XY

(W w -W W )--W - - (16)?XX ,yy ,XX y R ,XX RWRx)

* 6
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5. RADIAL DEFLECTION FUNCTION, INITIAL IMPERFECTION,
AND COMPATIBLE STRESS FUNCTION

The following trignometric expressions are used to represent thet*ctl radial

displacement, W and initial radial imperfection, W

W ~ cs~-Xo 2rx 2rx 2wrW = WCos -T Cowcoss 2+TC + WScos - cos -
4 irx

+W4 Cos TX + wo (17)

w1r - 2vx•co o,• +w cos_ r cos 7

-- 4_x (18)+ W4 co e X

where W0 through W4 are the unknowm coefficients in the radial displacememt

function and W- through W4 are the amplitudes of the imperfections. An and V

are the half-wavelengths in the axial and circumferential directions.

Equation 17, assumed to represent the total radial displacement, is of the

same form as that used for investipgting the postbuckling behavior of geometrically

perfect anisotroplc shellh in Reference 17, and for Isotropic shells in Reference 19.

In the selection of the buckling configuration (Equation 17) assumption is made

that the shell may not deform Into a torsional buckling mode.

Substitution of the expressions for the assumed deflected shape and initial

imperfection into the compatibility equation and subsequent solution yield the

following expression for the stress function

F F(19)
2

74
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in which F is the applied axial compressive load and the expression for F is

as given below

-- Tx "7y -nX "nry 2"rs 2ry
F = FCos-Mx- Cos----y + F2 sin vysinr--V + F 3 Cos-L-V + F4 cos---y

4-F~os-~- ~~4-g ~ 2wx1  3VSm•-4"+ F5 Co.S - Cos 27Vyy + F. sin •27rx sin 2 + FTcos-- cos Vy

y y

+ F. si4-'si r F cos-l-cos 3y+ Floi xi 7

4x41r 4y 41rt~ 2v

+ FcoS -- + F,2cos , + . 4  CX 2vry

-F .4vx .2iry 5YX Ty 51rx wy
sin- sin•- F+ s- cos-- - sin-- sin
4+ FI IisO y CoC F-sin "

6vx 7 6rz 2ry
+ Fcos-cos + "- sn (20)

where the paramet-ers F through IF, which are the functions of parameters

W- Wog h - - -W .ag-. are a given below

F, G a -G 2

2 4

-1 3 2  -{A,(G1  R a2 4

F2 2'
_4G2 (G2

422 4A& 0a2Rv 3 A

Fý= C{ 22 + -95 -

t2

S G 2  G 2

2 4

8
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G2  - G4
2

F7 = - 6{3 + 2-B + 86}41GsG2, - G:)

F9 = -8

F12

F -8 G /(G,'-Go)13 S 9 G9 10

F B BGo/(G6-G,2)

14 5 to 9 10

F = 88 4 G 1 /(G 2 _G 2

F -I = S G,,, (G ,2- ,

F17  -2 G,3 /2(G -Ge

13' 1 36 2

= 2 14 13 -2

IwW, 
A-W 2W

1

•.: *•-;A 4 :w..-Wo
4 4 4

9
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12 1 N 2 2 W3 4 3

WW -W B W W -W W3 1 3 1 , 3 4 1 4 1 4

C W2 -w2 W 2 -w2WI - I 3 3 3

t = d129 2 + devii2 + (dif + d2 2 - 2de6 )

G2= a %22i g+ 0 1V2' + (2al, + 0.e)

G 3 - (2dG2 -ddl)T"i + (2del-d;dly

4 z 2jl.a + 2"

8 -e -- 2 +0 a)
Gs =81o + oij + 9(2or_•20 G16G ~ ~ ~ I = 1O218+a 3 12 + 66)

G:54j! a2 + 6 a

-70
2~ -  -- e,~ +9(2o• + os)

Go* 61 a2g + 54ioI6

6,9 320&2 /A + 20 1, + 8(P2012 + o)

Gto 32;7Lc 2 , + 8 iF 010

Ira 625a - 2 o 2 + 25(2012+ oCS

61: 22O P •+ logo1

GI-2

IS : 8i a•jeg + V2+ 9( 2"12- 06
13 0

G : 54a 26iT + 6alel14

10
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6. UNIT END-SHORTENING AND UNIFORM RADIAL DISPLACEMENT

The unit end-shortening caused by the uniformly applied compressive end load

is given by
L

"- "• - f U,, dx (22)
0

then, through utilization of Equations 1, 17, 18, and 19, and integrating Equation 22

end-shortening can be written as

a (.-,)+8( 2 -2~

-4- [ 2 -- 2 2_, ,2 , ,- (23)3 2

The continuity condition for the circumferential displacement Is given by

2irR 27rR
f Vy dy f I0a22Fy+ a 2 026% + dleWxx+ deeWyy

00

2d --- Wyl2+ ' W W dy = 0 (24)

Substitution of the assumed radial deflection function, initial imperfection and

stress function Into the continuity condition yields the following expression

forr Wo

W a (W2 _w2 R (25)
1 1++

Yi
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7. TOTAL POTENTIAL ENERGY

Utilizing Equations 17 through 25, the following expression for the total

potential energy is obtainea

17 -- '(T'' 16T'.22222.2 2

2 2 A 161 3A+ T A, + 16A)+4T3 A,B,/
224* T,' 

T2 T+64TB ~ 8S/i 646 p.+--_-- 4 2 TýA 2
+6 13A382 I T ,ýL+6 4 2 -Ta 2  3

T, T
2 T

+ 2TA+ 4A1 BAL + 6432A 4  + 2 r{4 B,
3 32 5 6ý

+ 2B + 8B4 )2 + 64Be} B2 +4 + T7  16 B2 21.

T T4  
2  LI B2 2 + 2

+ . T•4. B 2z 4 45 M + +2AW
T9-- "r1o hI - 12 -"S I 2 I 2 2

-C +-C -- IC A w -2CAw + A2 + 16A2
32 -.-C1 2 3 -2 1 2 3 4 I 3

2 2 2 2 :t 2 22 .32A2K + 512A;,K + 8C, + -- 83 BB5 + C B5

a 3A~ 2 2P 4_ 2 2 2
+AJ + 32 A'4r 2 )+52AK(i 4 A1wpu

+ K(iAC + 16AC)2 2 + p/ý- (A2 + 32A) 2

-- C + 8C2 + 4C 3+ 32C4 1 
2 o7Muwe1J + constants (26)

where

P. -P' = -- i i = I through 4
i *112(o 2 2 d22 ) ( 22 d22 )h

ly 022 w114 2 2

( / (a22d22)
(27)

al R 122 (11)1/2 (7

N 
-

12
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AB: P 1 -n A 2 : P2 P - 2

AP- AP-

B P PP -gP B = P P - P4 1 4 1 4

:P. -P 2 -2 2
3 P3C4 P4 2 P4

C 2: p - 4=P _-

S~The values of T1 through T,3 appearing in the energy expression are as follows

1T: = L.+ M.2+ I Ts: 6/./-B+ 9 y)

T2 = 2  + T9 : 625,. + 2 5 au. +1

_T3 = K /1. + O2./ X+ 2w 7j,0 : IO)u (25,# 2 ,3 +

T4 = IV l 2 a+ ) Ti, I: 16 /4 + 4 c/lL?+l

T5 = 8, AL4 + 9aZ/L.2 + I TI12 = 4/. 4/t.2) + XI6/. 4  2

Tes = 6U(9;LB + = K AL++ + 2L +

-T 5 : B's + gap. 2+T 3 4
44

T? + 9 aIP +I

where the stiff.-mess parameters a, , etc. are defined by the following relations

: 202,.a+ 061

13.. .. =!"

13 "
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016
Y - 114 s,4

022 a II

2d 6 2- d ,a

2 022

2da1 -d 2 6  022

22 2221

K d 12 11o;
022 d22

(28)

d22

d4 + d 2 - 2d 6 *

d, 2 + 2d*

all" dll*Id

al d *.I

022 d 22'

The end-shortening • (Equation 23) may be redefined as a new parameter

+ 16 2' +'+ 4

+ 32(pP4 0-P - (29)

where

R -- (30)
IId22
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8. NONLINEAR ALGEBRAIC EQUATIONS

The coation that for a given o (i. e., applied' axial compressive load) the

total potential energy has a stationar-y value for small variation of 2, P, P4p
is equivalent to

a av vv (3v-= - = - = 0 (31)
aP, aP2  aP 3  aP4

This yields the following four nonlinear algebraic equations

2(T'+ ')A + 4T' B + A, P )p.+ 8BFJ.L41

TZ T2 T5 { 2(4 B+2B
T2L• T T

TT2 54 ~ /s( 1 + T;-

+ pT?

8B4)(4 P, + 2P, + 8B4 )p.4}+ 37 2 e2PT; -T
T9 p4 COIP,1J CIP128B 4 P + -- PIA + 2A + + 2PIBB

r-T, 0  8 F~~ A+ 8

HT92 -24 T2 T 4AP 42

TI /A2 g2

+ *r22A {8F+j4 K283 + + 4B)s} p 1 2 I8B 5 P3 /54 +p 0Aw

- T-T
T, .U + p TZT4

T2_T {-4TsA.PF2 8 BP/4 *T2_ 4 A .Pi.

2 1T28 2B 3 3 2  12 8B s3/c + 4A=w

S+ 164A,2 + 16BP +CP3 2

+2c1 L2 23201 22 W

+ 2KCI_- 32 P_/J_=_0
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T2T4 2 )}+ T5+ - '2 {64TA3+ 6411 (B2+ AP4 3 - -- 1 16( 2B 3 + BI

T,- T2 T5 - T(

+ 4B4 P) + 128 B 4} F + T " 32 B 4 + Tr12 i 822

T, 1 2

+ 64KA 4 Pu 2 + 2C 3 P3 -4A 4 P0 W + 32A 3 +{2C3 P3+ 16BP,+CP2

+ 3 2 A },J.4+ I28p vlA 3 ýL'2 -16 P c/A 2 w 0

i3

TI 2+"4 T4 2

T5 4

+ 3. 2 (2B 3 + BI+4B 4)IP + 128 82P3 }

j~T 84 p 4 A +K
"+ 2 128 • /1 + 4A42 - 2C 3 W + I K+ 1024 A4,u.

rT, - Tr, o

-128 KA 4 wu 2 + 32 KC 3 u 2 -- 28or 2 UJP 0I4

16



AFFDL-TR-68-136
I

The imperfection sensitivity of a cylindrical shell can be measured by a
quantity p * which is defined as the ratio of the buckling load of an initially im-

perfect shell to the classical buckling load. If irmox is consiaered as the buckling
load of the imperfect shell and a its classical buckling load then

S-c1 (32)

For small imperfections the cylindrical shell passes through a maximum load

crmax state before it snaps through. In case of large imperfections however, the
cylinder does not experience snap-through and hense a0max is not well defined
(see Figure 2). For a given shell crmox depends upon imperfection parameters

P through ,P, andw.

The values of deflection parameters P, through P4 can be obtained by solving

Equation 32. The solution of this set of equations depends upon the parameters a
through Sb (stiffness), P through P4 (initial Imperfection amplitudes), AL (aspect

ratio), w (circumferential wave number) and a (applied axial load). End-
shortening F corresponding to the applied load a, can be calculated from
Equation 29. The stiffness parameters a through 0 can be calculated knowing

the thickness of the shell, number of layers and the elastic properties of material
in each layer (Reference 17). P, through F4 depend upon the amplitudes of as-

sumed deviations from the geometrically perfect cylindrical shell. The parameters

u and w depend upon the wavelengths of assumed initial geo-r Aric imperfection.

For Isotropic cylindrical shells Kolter (Reference 20), Hutchinson (Reference 21),
and Madsen and Hoff (Reference 8) predicted that the imperfections with wave-
lengths equal to those for small-deflection buckling mode are most critical. The
parameters 1u and w for anisotropic cylindrical shells corresponding to buck-

ling mode for small-deflection theory can be calculated from equations given in
Reference 17.

9. NUMERICAL ANALYSIS

The set of nonlinear algebraic equationo (Equation 32) can be solved by Newton-
Raphson Iterative technique (Reference 22). A FORT RAN IV computer program
was written for IBM 7094 to solve the equations and to evaluate £ for given o ,

or Ta forgiven 6.

17
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SECTION III

RESULTS AND CONCLUSIONS

From the theoretical analysis developed in the previous sections, it is seen
that the behavior of the cylindrical shell depends upon ten stiffness parameters

a , 13 , etc. Because of this large number of parameters, it is not possible

to present meaniful general results in terms of stiffness parameters. Accordingly,

a three-layer cylindrical shell of radius 6.0 inches and thickness 0.036 inch is
selected to illustrate the application of the theory and to arrive at conclusive results.

The thickness of each layer is 0.012 inch and all layers consist of either glass-
epoxy or boron-epoxy composites. The elastic constants of the composites are

as given below,

glass -epoxy boron-epoxy
Ell = 7.5 x 10psi Ell : 40.0 x 1O0psi

F_22 3.5 x 10s psi E22 = 4.5 x 10e psi

V12 = 0.25 V12 = 0.25

G = 1.25 x Ids psi G = 1.5 x 108 psi

"?I VI 22 Ell

Two sets of fiber orientations are considered. The fiber orientations in
outer, central, and inner layers, respectively, are I) 80-e800, 2) 8,o-e 90g
where 8 assumes values ranging from 00 to 900 uith 10-degree intervals. The

two sets will be referred by notation I.8 and 2-8 , and the numerical value of

8 will indicate corresponding fiber orientation. For example, 1.20 corresponds

to fiber orientation (200, -200, 00). 'hWen 8 is zero, fibers are axially oriented,

and when It is 900 the fibers are circumferentially oriented (Figure 4). The stiff-
ness parameters • ;etc.,for these sets of fiber orientation may be

found in Reference 17. The critical classical buckling load parameter ace

buckling load Fa , aspec ratio parameter 1A and the circumferential wave

number for small-deffection theory are given in Tables 1 and 2 for glass-epoxy
Pand boron-epoxy compossi cylindrical shells. These values are calculated with

the aid of the computer program given in Reference 17.

18
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To study the Influence of initial geometric Imperfections, the relative values

of the initial imperfection amplitudes and parameters are set to

"W,= +4W " -4W 16qW4

and (3
an, = +4PF- 2  -4P 3 = 16"P4

These are the same as those given by Yoshimura buckling pattern (Reference 8).

The Imperfection ratio W * is defined here as the ratio of the sum of initial im-

perfection amplitudes to the thickness of the shell t . The following relation is

obtained from Equations 27 and 34.

W'*t I

%02=2 2*2

For a specified value of 'W- the initial Imperfection amplitude parameters .

through P4 can be calculated from Equations 34 and 35.

For isotropic cylindrical shells all stiffness parameters given in Equation 27

are zero except that a / 2 = P I . Figure 3 shows the curves of the end-

shortening parameter F against the axial load parameter o7 for an Isotropic

shell for different values of imperfection ratio 1W * When W* is zero crmo, is

equal to %cjc which is equal to unity for the Isotropic shell. In Reference 8,

only two terms, corresponding to W, and V2 are used in the assumed -- function

to study the behavior of an isotropic shell. It Is observed that for an isotropic

shell the vmlues of a-max evaluated from the theory developed for anisotropic

shells in this report are comparable to those given in Reference 8.

Figures 4 and 5 show the load-shortening curves for glass-epoxy and boron-

epoxy composite cylindrical shells for fiber orientation (00, 00, 00). In Tables

3to 18, the values of amax, 'max P'and Emax are given for =0.O01,

0.02, 0.04, 0.06, 0.08, 0.1, 0.2, and 0.3 for glass-epoxy and boron-epoxy

composite cylindrical shells. The same results are also presented in Figures 6

through 13. The discontinuity In the curves simply indicate that for that range

of orientation there is no snap-through. Figure 6 gives the variation of -mox

with the fiber orientation ( 6,' - 0 0 0) for a three-layer, glass-erixy com-
posite. Figure 7 shows the variation of imperfection sensitivity p* for the same

19
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set. From these figures, It i 3 evident that increase or decrease. in classical

buckling load with change in fiber orientation is generally accompanied by a de-

crease or increase in imperfection sensitivity. The same behavior can be ob-

served in the case of a glass-cpoxy composite for fiber orientation (e, -, 90.

From Figures 8, 9, 12, and 13 similar behavior is observed for boron-epoxy

composite shells. In Figures 7, 9, 11, and 13 the values of p* for isotropic

shells are given for the purpose of comparison. It can be seen that the composite

shells are less imperfection sensitive than isotropic shells and boron-epoxy

composite shells are Jess imperfection sensitive than glass-epoxy composite

shells.

20
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FABLE 1.

CLASSICAL BUCKLING LOADS FOR GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL

CASE pC N

7ca

1. C 7.5808E-01 4.9158E 02 I.C30E 00 Ii

1?-13, 7.81b4E-CI 4.99)7E Oz 9.9140EL-3J 12

1 .20 8.4265E-01 5.1599E 02 9.6253t-01 12

1.3C 9o2255E-31 5.3507F 32 9=3027rE-01 12
I 1.43 9o783E-01 5.4473E 02 8.4374E-01 12

1.50 9.1'E4E-Ol 5.3814E G1 7.9899E-J0 12

1.60 9.6I45E-01 5.2222E 02 8,0312E-01 12
1.10 8.4230E-01 5.0295E 02 8.3260L-01 12

1.83 7.3227E-31 4.8753E u2 7.86b3L-O0 11

1.90 7.5748E-01 4.8055E 02 8.3854E-0t 11

i. 0 6,8789E-01 4.8054E ;2 1.2368E 30 11
S2.13 1 -J.180E-3i 4.8750E 02 1.2 12E O0 11

2.20 7.717LE-31 5.0295E 62 12011LE 00 12

2.30 8.5789E-31 5.2222E 02 1*2452L 00 12

2.40 9o3617E-01 5.3874E 02 1.2516t 00 i2

2.50 9.6070E-01 5.4473E 02 I.lb52L 00 12

2.bu 9.1760E-01 5.35v'-E 02 1.0749E 00 12

2.70 8.4390E-01 5.160CE 02 .J1I77L 00 12

2.80 7o82?2E-01 4.9906E 02 I.0U26t 00 12
?.9C 7.5808E-'O 4.9158E 02 1.O00DE 0 l 11
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TABLE 2.

CLASSICAL BUCKLING LOADS FOR BORON-EPOXY
COMPOSITE CYLINDRICAL SHELL

CASE AN

1. 0 4.9392E-01 8.2929E 02 1.0000E 00 10

io.10 5.6225E-01 9.7130E 02 1.0012E 00 11

1.20 7.3151E-01 1.1134E 03 9.7972L-01 12

1.30 9.4227E-01 1.2958F 03 8.7935E-01 13

1.40 1.0168k 00 1.3212E 03 7.4584E-01 13

1.50 9.1515E-01 1.2163E 03 7.2442E-01 13

1o60 7.600TE-O1 1.0883E 03 7.90511-0i 13

1.70 6.0374E-01 9.6173E 02 8.9527E-01 13

1.80 4.5867E-01 8.4377E 02 9.4702E-01 12

1.90 3o7875E-31 7.7412E 02 9.6256L-01 1i

2. 0 3.6541E-01 7.7412E 02 1.0389E 00 11

2.1) 4.•10E-01 8.4378E 02 1.0559E 00 12

2.20 5.1807E-01 9.6170E 02 1.11?0L 00 13

2.30 6.8294E•01 1.C883k 03 1.2650E JO 13

2.40 8.8459E-01 1.2164E 03 1.38C4E 00 13

2.50 1.0151E 00 1.3212E 03 1.3407E 00 13

2.60 9.5486E-01 1.2958E 03 1.1372L 00 13

2,70 7.5876E-01 1.1133E 03 1.0?07E 00 12

2.80 5.7806E-01 9.2131E 02 9.9877E-01 11

2.90 4.9392E-01 8.2929E 02 1.0000E 00 10
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TABLE 3.

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

W = 0.01

CASE 'max p *max

1. 0 6.8687E-01 4.4540E 02 9.0607E-01 6.9242E-01

1.10 7.0553E-01 4.5051E 02 9.0270E-01 7.1192E-01

1.20 7.5472E-01 4.6215E 02 8.9565E-01 7.5992E-01

1.30 8.1979E-01 4.7547E 02 8.8861E-01 8.2392E-CI

1.40 8.7048E-01 4.8438E 02 8.8922E-01 8.7392E-01

1.50 8=7217E-01 4.8249E 02 8.9560E-01 8.7544E-01

1.60 8.2606E-01 4.7071E 02 9.0137E-01 8.2994E-01

1.70 7.6338E-Ci 45,583E 02 9.0630E-01 7°6814E-01

1.80 7.1679E-01 4.4669F 02 9.1629E-01 7.2098E-01

1.90 6.9468E-01 4.4071E 02 9.1709E-01 6.9942E-01

2. 0 6.2799E-01 4.3870E 02 9.1292E-01 6.3844E-01

2.10 6.4861E-01 4.4485E 02 9.1251E-01 6.5969E-0I

2.20 6.9812E-01 4.5499E 02 9.0464E-01 7.0812E-01

2.30 7.7536E-01 4.7198E 02 9.0380E-01 7.8594E-01

2.40 8.4515E-01 4.8636E 02 4.0271TF-01 8.5562E-01

2.50 8.6i20E-01 4.8a3iE 02 .9g,43F-0! 8Rz,92E-,") . 1

2.60 8.1782E-01 4.7689F 02 8.91e6[9I ! .14li-0!

2.70 7.5655E-01 4.6259F 02 8,9649F-uLt ?42p-01

2.6c 7.367qE-O. 4,5C65E C2 7-T342E-Oi

2.90 6.8614L Of , 411i5f 2? 9q0596F-0i 6 9!Jlt Ui
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TABLE 4.

BUCKLING LOADS FOR IMPER.FECT GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

W 0.02

CASE 0rmox -mox P

1. 0 6,4900E-01 4.2085E 02 8.5611E-O1 6.5934E-01

1.10 6.6603E-01 4.2531E 02 8.5220E-01 6.7812E-01

1.20 7o1020E-O1 4,3489E 02 3.4282E-01 2ýf 9,20E-02

1.30 7.6875E-01 4.4587F OZ 8.3329E-01 7.7742E-01

1.40 8.1533E-01 4.5369E 02 8.328BE-01 8.2192E-01

1.50 8.1846E-31 4.5278E 02 8.4045E-01 8.2492E-01

1.60 7.?7707E-01 4.4280E 02 8.4791E-01 7.8392E-01

1.70 ?7,2004E-01 4.29ci5E 02 8.5485E-01 7.2842E-01

&.80 6.7936E-01 4.2337E 32 8.6845E-01 6.8676E-01

l- 4.179-6V 02 8.6475E-01 6.6642E-01

2..0 5.'9681E-01 4.1691E 02 8.6763E-31 6.1687E-01

2.13 6.165IE-01 4.2283E 32 8-6735F-O 6.3:81E-01- 4.i1O23 0Ž

S6.6134E-01 4. O 6.8156E-01

2.30 7 3459£-01 4.4716E 02 8.s•ob-U_ 7.5594E-01

2.4) 8.0035E-0! 4.6058E 02 8.5492E-01 8.2156E-01

2..50 6.12.95F-Ol 46?,..5 0? 8,462LE-0i Bl-O00o-O!

2.60 1•74,5E-01 J 1486E 02 8.3655-EJ1

2.70 42t6.5.-2 32 .?4 3% 7 E -01
2.9G 

ol9LEo ,c~ ? f.bi.0
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TABLE 5.

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

Wi 0.04

CASE Gmau Pmax O Emax

1o 0 5.9523E-01 3.8598E 02 7.8518E-O1 6.1562E-01

1.10 6.1091E-01 3.9011E 02 7.8167E-01 6.3531E-01

1.20 6.4857E-01 3.9715E 02 7.6968E-01 6.700E-O1

1.30 6.980?E-01 4.0487E 02 7.5667E-01 7.1341E-0l

1.40 7.3874E-O 4.1108E 02 7.5464E-O 7.5192E-OI

1.50 1.4257E-01 4.1080E 02 7.6252E-01 T.5492E-Ol

1.60 7.3698E-01 4.0286E 02 7.7143E-01 7,2042E-01

1.70 6.5750E-01 3.9260E 02 7.8060E-01 6.7384E-01

1.80 6.2365E-01 3.8865E 02 7.9723E-01 6.3692E-01

1.90 6.0549E-01 3.8413E 02 7.9935E-01 6.1984E-01

2. o 5.5331E-01 3.8653E 02 8.0436E-01 5.9469E-01

2.10 5.7194E-01 3.9226E 02 8.0464F-01 6.1656E-01

2.20 6.1125E-01 3.9837E 02 7.9201E-01 6.5469E-01

2.30 6.7934E-01 4.1353E 02 7.9181E-01 7.2625E-01

2.43 7.3961E-01 4.2563E 02 7.9004E-01 7.8531E-01

2.50 1.4753E-01 4.2386E 02 7.7811E-01 7.83?5E-01

2.60 7.0363E-01 4.L030E 02 7.6682F-01 7.3000E-01

2.70 6.5187E-C1 3.985E C2 7.7245E-01 6.1594E-01

2.80 6.1238E-01 3.9C45E 02 7.8237E-01 6.3750E-01

2.90 5.9523E-0L 3.8598E 02 7.6518E-01 6.1562E-0L

4-1
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TABLE 6.

BUCKLING LOADS FOR IMPERFECT GLASS-LPUXY
COMPOSITE CYLINDRICAL SHELL FOR

H = 0.06

CASE 0max °mP * emax

1. 0 5.5524E-01 3.6035E 02 7.3243E-01 5.8656E-01

1.10 5.7060E-01 3.6437E 02 7.3010E-01 6.0906E-01

1.20 6.0370E-01 3.6967E C2 7.1643E-01 6.3750E-01

1.30 6o4738E-01 3.7547E 02 7.0173E-01 6.7437E-01

1.40 6.8234E-01 3.79e9E 02 6.9703L-01 7.0516E-01

1.50 6.8640E-01 3.7972E 02 7.0484E-01 7.0534E-01

1960 6.5463E-01 3.73C3E 02 7.1431E-01 6.7500E-01

1.70 6.1355E-CI 3.6457E 02 7.2486E-01 6.3500E-01

1.80 5.8062E-O0 3.6183E 02 7.4222E-01 6.OOOOE-01

1.90 5.6429E-01 3.5799E 02 7.4496E-01 5.8531E-01

2. 0 5.216LE-01 3.6438E C2 7.5828E-01 5.8812E-01

2.10 5.3961E-01 3.70G9E C2 7.5916E-01 6.1219E-01

2.20 5.7570E-01 3.7520E 02 7.4601E-01 6.4875E-01

2.30 6.4032E-01 3.8978E 02 7.4639E-01 7.23OOE-01

2.40 6.965qE-01 4.0087E C2 7.4408E-01 7,1344E-01

2.50 7.0083E-01 3.9738E 02 7.2950E-01 f.5969E-01

?.60 6.563)E-01 3.8270[ 02 7.1524E-01 6.9644E-01

2.10 6.0783E-01 3.7166E 02 7.2026E-0i 6.4594E-01

2.80 5.7Z11IE-01 3.64blE 02 7.310E-01 6.1156E-01

2.O 5.5524E-O1 3.6J'5E 32 7.3243L-01 5.8656E-O1
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TABLE T.

BUCKLING LOADS FCR IMPERFECT GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

= 0.08

CASE cmax max PEmax

1. 0 5.2289E-01 3.3907E 02 6.8976E-01 5.6562E-01

1.i0 5.3849E-01 3.4386E 02 6.8901E-01 5.9281E-01

1.20 5.6800E-01 3.4781E 02 6.7406E-01 6.1563E-01

1.30 6oC66qE-01 3.5187E 02 6.5762E-01 6.4406E-01

1.40 6.3786E-01 3.5494E 02 6.5159E-0I 6.6625E-01

\.50 6.4,151E-01 3.5469E 02 6.5837F-01 6.6687E-01

1.60 6.1227E-01 3.4889E 02 6.6809E-01 6.4031E-01

1.70 5.72468-01 3.4182E 02 6.7964E-01 6.0562E-01

1.80 5.4496E-01 3.3961E 02 6.9664E-01 5.1363E-01

1.90 5.3016E-OL 3.3634E 02 6.9990F-01 5.5812E-01

2. 0 4.9649E-01 3.4663E 02 7.2176E-01 5.9344E-01

2.10 5.1413E-01 3.5261E 02 1.2331E-01 6.2094E-01

2.20 5.4842E-01 3.51421 0? 7.1066E-01 6.6219E-01

2.30 6o1059E-01 3.7168E 02 7.1173E-01 7z3687E-01

2.40 6.6360E-01 3z8188E 02 7.0805[-Ol1 I.h312F-01

2.50 6.6443F-01 3.7674F 02 6.9161[-01 7.5156E-01

2.60 6.1899E-01 3.6094E 02 6.7457E-01 6.1937E-01

2.70 5.7290F-01 3.5030E 02 6.188117 f1 o.2687E-01 *

2.83 5.4016E-01 3.4440E 02 6.9011E-01 5.9594E-01

2.9u 5.2289E-01 3.39ulL 0? 6.S9lbE-01 5.6'i62iE-0l
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TABLE 8.

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELL. FOR

Wd = 0.10

CASE "mox Bmox #0 Emol

1. 0 4.9563E-01 3.2139E 02 6.5380E-01 5.5094E-011.IC 5.1189E-0: 3.2688E 02 6.5498E-01 5.8469E-01

1.20 5.3838E-01 3.2967E 02 6.3891E-01 6.0156E-01

1.30 5.7282E-01 3.3223E 02 6.2091E-01 6.2187E-01

1.40 6.0037E-01 3.3408E 02 6.1329E-01 6.3719E-01

1.50 6.0317E-01 3.3368E 02 6.1937E-01 6.3625E-01

1.60 5.766DE-01 3.2856E 02 6.2917E-01 6.1250E-01

1.70 5.4036E-01 3.2266E 02 6.4153E-01 5.8312E-01

1.80 5.1436E-01 3*2054E 02 6.5752E-01 5.4656E-01

1.90 5.0089E-OI 3.1777F 02 6.6126E-01 5.3594E-01

2. 0 4.7583E-01 3.3240E 02 6.9172E-01 6.1031E-01

2.10 4.9333E-01 3.3835E 02 6.9405E-01 6.4375E-01

2.20 5.2730E-01 3.4366F C2 6.8329E-01 7.1875E-01

2.30 **

2.40 6.3811E-01 3.6721E 02 6.8162E-01 8.4156E-01

2.50 6.3505E-01 3.6008E 02 6.6103E-01 7.5969E-01

2.60 5o8832E-01 3.4306E 02 6.4115E-01 6.7031E-01

2.70 5.4404E-01 3.3265E 02 6.4467E-01 6.1656E-01

2.80 5.1366E-01 3.2751E 32 6.5625E-01 5.8844E-01

2.90 4o9563E-01 3.2139E 02 6.53801-01 5.5094E-01

**• NL SNAP-THRCUGH
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TAbLE 9.

BUCKLING LOADS FCR IMPERFECT GLASS-EPOXY
COMPOSITE CYLINDRiCAL SHELL FOR

W = 0.20

CASE Omax Fmax P 6 max

1. 0 4.0216E-CI 2.6078E C2 5.3C50E-01 5.4406E-01

1.10 **

1.20 **

1.33 4.6152E-01 2.6768E 02 5.0021E-O1 6.0875E-01

1.40 4.7439E-01 2.6398E 02 4.8460E-01 5.6906E-01

1.50 4.7434E-01 2.6241E C2 4.8708E-01 5.5656E-01

1.60 4.5536E-01 2.5948E 32 4.9687E-01 5.4503E-01

1.70 4.3167E-01 2.5776E 02 5.1249E-01 5.4406E-01

1.80 4.0524E-01 2.5254E 02 5.1803E-01 4.753LE-01

1.90 3.9663E-01 2.5162E 02 5.2362E-01 4.74C6E-01

2. 0 **

2.1C **

2.20 **

2.30 **

2.40 **

2.50 **

2.63 **

2.70 **

2.80 *,

2.90 4.ý216E-01 2.6078E 0Z 5.335%E-O 5.44 6E-01

L ** N(, S:,AP-T,-lfROUGH
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TABLE 10.

BUCKLING LOADS FOR IMPERFECT GLASS-LPOXY
S~COMPOS|ITE CYLINDRICAL SHELL FOR

F• 'W*= 0.30

CASE 'ma x "m ax P *F-max

1. 0 ,e

1.1I0 **

1.20 **

1.30 **

1.40 **

1.50 **

1.60 **

1.70

1.80 3.3696L-01 2.0999E 02 4.3075E-01 4.6313E-01

1.90 3.3176E-G1 2.1047E 02 4.379BE-01 4.7531E-01

2. 0

2.10 **

2.20 **

2.30 **

2.40 **

2.50 **

2.60 *

2.7) **

2.80 
-*

i ~2.90 *

• * NC SNAP-fihRCUGH
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TABLE 11.

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

* = 0.01

CASE 0,max &max Pf-rox

1. 0 4.6542E-01 7.8144E 02 9.4230E-01 4.7625E-01

1.10 5.228TE-01 8.5677E 02 9.2996E-01 5.3187E-01

1.20 6.6635E-O1 1.0142E 03 9.1092E-01 6.7317E-O1

1.30 8.4789E-01 1.1660E 03 8.9984E-01 8.5292E-01

i.40 9.2045E-01- 1.1§60E 03 9.0524E-01 9.2442E-01

1.50 8.3492E-01 1.1097E 03 9.1233E-01 8.3992E-01

1.60 6.9680E-01 -§9.§771E 02 9.1676E-O1 4.4200E-03

- 1.-10 -.- 5.6065E--0 ...... 8.§306-02 " 9.2863E-01 5.7531E-01

1.80 4.3423E-01 7.9881E 02 9.4672E-01 4.6000E-01

1.0• -. 6357E-00 7.43C9E 02 9.5992E-01 4.0438E-01

2. 0 3.5321E-01 7.4827E 02 9.6661E-01 4.4156E-01

2.10 3.8825E-01 7.9572E 02 9.4304E-01 4.1469E-0L

2.20 4.7535E-01 8.8240E 02 9.1754E-01 4.9187E-01

2.30 6o2007E-01 9.8811E 02 9.0794E-01 6.3781E-31

2.40 8.1135E-01 i.1157E 03 9.1720E-01 8.3594E-01

2.50 9.3124E-01 1.2121E 03 9ý1739E-01 9.5125E-01

2.60 8.6554E-01 1.1746E 03 9.0646E-01 8.7766E-01

2.70 699338E-01 . 1.0174E 03 9.1383E-01 7.0134E-01

2.80 5.3844E-01 8.5816E 02 9.3146E-01 5.4812E-o0

2.90 ._ .6542E-01 7.8144E 02 9.4230E-01 4.7625E-01
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IAbLE 12.

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

W = 0.02

CASE •mox Fmax pe max

1. 0 4.4868E-01 7.5333E 02 9.0841E-01 4.6750E-01

1.10 5.0030E-01 8.1979E 02 8.8982E-01 5.1656E-01

1.20 6.3049E-01 9.5964E 02 8.6190E-01 6.4250E--01

1.30 7.9694E-01 1.0959E 03 8.4577E-01 6.4200E-03

1.40 8.6638E-01 1.1257E 03 8.5207E-01 7.3670E-02

1.50 7.8865E-01 1.0482E 03 8.6177E-01 7.9717E-01

1.60 6.5925E-01 9.4394E 02 8.6735E-01 6.6984E-01

1.70 5.3575e-01 8.5340E 02 8.8739E-01 5.6156E-01

1.80 4.2029E-0i 7.7317E 02 9.1632E-01 4.6875E-01

1.90 3.5505E-01 7.2568E 02 9.3743E-01 4.3531E-01

2. 0 3.4655E-01 7.3417E 02 9.4839E-0i 4.89C6E-01

2.10 3.7532E-01 7.6922E 02 9.1163E-01 4.2844E-01

2.20 4.5249E-01 8.3996E 02 8.7341E-01 4.8500E-01

2.30 5.8790E-01 9.3685E 02 8.6084E-01 6.2406E-01

2.40 7.7401E-01 1.0643E 03 8.7499E-01 8.2563E-01

2.50 8.8743E-01 1.1550E 03 8.7423E-01 9.2719E-01

2.60 8.1911E-01 1.1116E 03 8.5783E-01 8.3937E-01

2.70 6.5743E-01 9.6462E 02 8.6645E-01 6.7219E-01

2.80 5.1568E-01 8.2189E 02 8.9209E-01 5.3281E-01

2.90 4.4868E-01 7.5333E 02 9.0841E-01 4.6750E-01
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TABLE 13.

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY
COMPOSITE CYLINDRICAL ShELL FOR

W =0.04

CASE 0--mox p max

1. 0 4.2315E-01 7.1047E 02 8.5672E-01 4.5719E-01

1.10 4.6673H-01 7.6478E 02 8.3011E-01 4.9719E-01

1.20 5.7881E-01 8r8098E 02 7.9125E-01 6.0219E-01

1.30 7.2419E-01 9.9590E 02 7.6856E-01 7.4076E-01

1.40 7.8730E-61 1.0230E 03 7.7429F-01 8.0092E-01

1.50 7.1953E-01 9.5631E 02 7.8624E-01 7.3542E-01

1.60 6.C485E-01 8.6605E 02 7.9578E-01 6.2844E-01

1.73 4.9885E-Oi - 7.9462E 02 8.2627E-01 5.4875E-01

1.80 4.0034E-01 7.3647E 02 8.7283E-01 5.1531E-01

1.90 3.4227E-01 6.9956E 02 9.0368E-01 4.9531E-01

2. 0 3.3537E-01 7.1048E 02 9.1779E-01 5.4281E-01

2.10 3e5769E-01 7o33C9E 02 8.6881E-01 5.0562E-01

2.20 4.2141E-01 1.8227E 02 8.1342E-01 5.0362E-31

2.30 5.4551E-01 8.6930E 02 7.9877E-01 6.3844E-01

2.40 **

2.50 8.2836E-01 1.0781E 03 8.1604E-01 9.2406E-01

2.60 7.5430E-0i 1.0236E 03 7.8996E-01 7.9681E-01

2.70 6.0571E-01 8.8874E 02 7.9829E-01 6.3469E-01

2.80 4.8178E-01 7.6786E 02 8.3344E-01 5.1406E-0!

2.90 4.2315E-01 7.1047E 02 8.5672E-01 4.5719E-01

$$ NO SNAP-THROUGH
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TABLE 14.

BUCKLING LOADS FOR IMPERFECT BORCN-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

W = 0.06

CASE 0maor Fmax m

1. 0 4.0299E-01 6.7662E 02 8.159)E-01 4.5281E-01

1.1.0 4.4093E-01 7.2251E 02 7.8422E-01 4,8656E-01

1.20 5.4018E-01 8.2218E 02 7.3845E-01 5.7625E-01

1.30 6.7089E-01 9.2260E 02 7.1199E-01 6.9906E-01

1.40 7.1765E-01 9.3249E 02 7.0579E-0 7.5098E-01

1.50 6=661gE-01 8.8541E 02 7.2796E-01 6.9031E-01

1.60 5.6222E-01 8.05;1E 02 7.3970E-01 5.9687E-01

1.70 4.7113E-01 7.5046E 02 1.8035E-O 5.518TE-Ol

1.80 *v

1.90 3.3184E-01 6.7824E 02 8.7615E-01 5.4281E-01

2. 0 3.2564E-01 6.8987E 02 8.9116E-01 5.8750E-01

2.10 **

2.20 *

2.30

2.40

2.50

2.60 7.0797E-01 9.6076E 02 7.4144E-01 7.7875E-01

2.70 5.6720E-01 8.3223E 07 7,4754E-0l 6.1719t-01

2.80 4.5570E-01 7,2629E 02 7.8833E-01 5.G437F-01

2.90 4.0299E-01 6.7662F 02 8.1590F-01 4,528lE-01

*4• NG SNAP-THROUGH
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TABLE 15.

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY
COMPOSOi.E CYLINDRICAL SHELL FOR

W = 0.08

p*

ChSE r' mox a e-max

1. 0 3.8602E-01 6.4813E 02 7.8154E-01 4,5281E-01

S!.10 4. 1975E-01 6.8780E 02 .7.,4655E-01 4.828-1E-01

1.20 5*0906E-01 7.7482E 02 6.9590E-01 5.5937E-01

1.30 6.2804E-01 8.6367E 02 6.6652E-01 6.6719E-01

1.40 6.7882E-Oi 8.63204E 02 6.6760E-01 7.0594E-01

1.50 6.2252E-Oi 8.2737E 02 6.8024E-01 6.5312E-01

1.6C 5.2721E-01 7.5488E 02 6.9363E-01 5.7406E-01

1070 4*4974E-01 -- 7.1639E 02 7.4492E-01 5.8844E-01

1.80

1.90 3.22.-27 0i 6.5956E 02 8.52OE-01 5.8844E-01

2. 0 3.1696E-01. 6.7148E 02 8.6741E-01 6.3500,-01

2.10 **

2.20 **

2.30 **

2.40 *

2.50

2.60 6.7270E-01 9,1289E 0,! 7.0450E-01 7.8594E-01

2.70 5.3636E-0i1- 7.8698E 02 7.0689E-01 6.OOOOE-01

2.80 4.3427"E-01 %.o9Z14E 02 7.5125E-01 5-0156E-01

2.90 3.8602E-01 6.4813E 02 7.8154E-01 ý,5281E-01

** NO SNAP-THROUGH,

51



AFFDL-TR-68-136

TABLE 16.

BUCKLING LOADS FOR IMPERFECT BORONs-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

= 0.10

CASE p'max "max F-max

1. 0 3.rl29E-01 6.2339E 02 7.5172E-01 4.5625E-01

1.10 4.0179E-01 6.5837E 02 7.1461E-01 4.8469E-01

1.20 4.8310E-01 7.3531E 02 6.6041E-01 5.4969E-01

1.30 5.9248E-01 6.1477E 02 6.2818E-0l 6.4406E-G1

1.40 6.3786E-01 8.2882E 02 6.2732E-01 6.7281E-01

1.50 5.8541E-01 7.7805E 02 6.3969E-01 6.2437E-01

1.60 4.9766E-01 7.125TE 02 6.5476E-01 5.5844E-01

1.70

1.80 **

1r.90 3.1454E--0 6o4288E 02 8.3(.7E-01 6.3875E-01

2. 0 3.0918E-01F 6.5500E 02 8o4612E-01 6.9250E-01

2.10 **

2.20 ,*

2.30 **

2.40 **

2.50 **

2.60 **

2.70 5.M085E-0i 7.4955E 02 6.73271E-01 5.9719E-01

2.80 4.1614E-01 6.6324E 02 7.1989E-01 5.0531E-01

2.90 3.7129L-01 6.2339E 02 7°.51ZE-01 4.5625E-01

4#* NO SNAP-T•hROUGH
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TABLE 17.

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY
COMPOSITE CYLINDRICAL ShELL FOR I

= 0.20

CASE amax -mox P max

1. 0 3.1791E-01 5.3377E 02 6.4365E-01 5.2500E-01

1.20 v

1.30 **

1.40 5.0212E-01 6.5244E 02 4.9382k-01 6.0181E-01

1.50 4.6213E-01 6.1420E 02 5.0498E-01 5.8187F-01

1.60 *

1.70 **

1.80 **

1.90 **

2. 0 **

2.10

2:,20 **

2.30 *

2.40 **

2.50 *

2.60 **

2.70 **

2.90 3.179LE-01 5*3377E 02 6.4365E-0)1 5*25OOE-01

** NO SNAP-THROUGH
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TABLE 18.

BUCKLING LOADS FOR IMPERFECr BORON-EPOXY
COMPOSITE CYLINDRICAL SHELL FOR

W =0.30

CASE o.max

1. 0 o *

1.20 **

1.30 **

1.40 **

1.50 **

1.60 **

1.70 **

1.80 *

1.90 **

2. 0

2.10 **

2.20 **

2.30 *

2.40 *

2.50

2.60

2.70 ,*

2.80 *,

2.90 *4

** NO SNAP-THROUGH
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